We study quantum spin systems with a proper combination of geometric frustration, spin-orbit coupling and ferromagnetism. We argue that such a system is likely to be in a chiral spin state, a fractional quantum Hall (FQH) state for bosonic spin degrees of freedom. The energy scale of the bosonic FQH state is of the same order as the spin-orbit coupling and ferromagnetism -overall much higher than the energy scale of FQH states in semiconductors.
I. INTRODUCTION
Landau symmetry breaking 1, 2 has been the standard theoretical concept in the classification of phases and transitions between them. However, this theory turned out insufficient when the fractional quantum Hall (FQH) state 3, 4 was discovered. These states (FQH states and spin liquids) are not distinguished by their symmetries; instead they have new topological quantum numbers such as robust ground state degeneracy 5, 6 and robust nonAbelian Berry's phases 7 . The topological order 8, 9 associated with topological quantum numbers has been proposed for the classification of these states. Recently, it was realized that topological order can be interpreted as patterns of long range quantum entanglement [10] [11] [12] . This long range entanglement has important applications for topological quantum computation: the robust ground state degeneracy can be used as quantum memory 13 ; fractional defects from the entangled states which carry fractional charges 4 and fractional statistics [14] [15] [16] (or nonAbelian statistics 17, 18 ) can perform fault tolerant quantum computation 19, 20 . Although it has attractive concepts and applications, topological order is only realized at very low temperatures in FQH systems 3, 4 . In this paper we present a proposal to realize highly entangled topological states at higher temperatures. The ideal is to combine geometric frustration, spin-orbit coupling and ferromagnetism in quantum spin systems. Both spin-orbit coupling and ferromagnetism can have high energy scales and appear at room temperature. Their combination breaks timereversal symmetry which leads to rich and complicated interference from quantum spin fluctuations. In this paper we show that they can lead to highly entangled topological states at high temperatures.
Quantum spins on the kagome lattice are geometrically frustrated systems. In this paper, we study the state with magnetization S z i = 1/3. In section II, we write down the quantum spin model with spin-orbit coupling on the Kagome lattice. In section III, we map the spin model to the hardcore bosonic model in III A , construct three trial wavefunctions for the polarized spin system S z i = 1/3 in III B and then evaluate the energy expectation for these three states in III C. We find that the bosonic quantum Hall state has the lowest energy. Lastly, we discuss the materials realization in III D. In the Appendix A, we also discuss spin-orbit coupling in the transition metal oxide materials.
II. QUANTUM SPINS ON THE KAGOME LATTICE WITH SPIN-ORBIT COUPLING
The kagome lattice has 3 sites (labelled 1, 2 and 3) within every unit cell with the primitive vectors a 1 = 2ax and a 2 = a(x + √ 3ŷ) (a is the lattice constant), see Fig. 1(a) . The unit cell contains one hexagon and two triangles so it is geometrically frustrated.
As shown in Fig. 1 (b) , the triangle 123 on the kagome plane in Herbertsmithite ZnCu 3 (OH) 6 Cl 2
21-23
contains three copper cations surrounded by distorted octahedrons sharing one chlorine corner while each pair shares an oxygen corner. Mediated by this oxygen, the Cu 3d 9 electron hops from site r 1 to r 2 , e.g. see Fig.  1(c) .
Inversion symmetry for Herbertsmithite breaks down explicitly, leading to a non-uniform charge distribution in the kagome lattice. For convenience, we model the charge center as being in the hexagon, see Fig.1 (a). When hopping from r 1 to r 2 , the electron sees the electric field E 12 (labelled by the green arrow in Fig. 1(a) ). The effective electric field couples to the electron through the spinorbit coupling vector D 12 = αE 12 × r 12 in the Rashba manner, where r 12 = r 1 − r 2 47
Here σ = (σ x , σ y , σ z ) are the Pauli matrices. The coefficient α should be chosen to make the spin-orbit coupling vector D 12 dimensionless. Note that
Including on-site interactions we obtain the Hubbard model with spin-orbit coupling for S = 1/2 electrons on the kagome lattice
where i and j denote nearest neighbors. For a specified bond r ij , we can make a gauge transformation
where
Using standard second-order perturbation theory, we obtain the exchange term
Here J = 4t 2 /U is the exchange coupling for the rotated spin operatorS i = σσ c iσ σ σσ c jσ .
On the kagome lattice, we cannot find a gauge transformation as in Eq. (3) that would be compatible for each site. So we have to write the Hamiltonian in terms of the original spin operators. On every bond, the rotated spin operators are related to the original ones as follows:
Thus we obtain the quantum spin model on the kagome lattice including spin-orbit coupling
III. POLARIZED SPIN STATE WITH TOPOLOGICAL ORDER
A. Hardcore bosonic model
For simplicity we choose the spin-orbit coupling vectors D ij perpendicular to the kagome plane:
= Dẑ (only in-plane effective electric fields E ij are considered). We use the Holstein-Primakoff transformation:
where b i is the hardcore bosonic operator 
which describes interacting hardcore systems with hopping under effective fluxes as shown in the hexagon, there is flux φ 2 = −2φ 1 . When φ 1 = 0, π mod 2π, these effective fluxes break time-reversal symmetry for this model. Now let us consider just one boson described by only the hopping term in the above Hamiltonian. The hopping Hamiltonian has three bands. We calculate the Berry curvatures over the Brillouin zone for the lowest band in the presence of the flux for different spin-orbit couplings: D = 0.025, 0.1 and π/8 . The Berry curvature is defined as follows
where u nk is the Bloch wave packet in the n-th band of the hopping Hamiltonian
H t |u nk = nk |u nk (12) In this paper, instead of usingk x andk y as the axes in k-space, we usek 1 = k x andk 2 = (k x + √ 3k y )/2 for convenience. The dispersion nk has three bands (labelled n = b for the bottom band, n = m for the middle band and n = t for the top band) as shown in Fig. 3 Fig. 3 (b) , (d) and (f). We see that when D = 0.1, the lowest band is separated from the other bands by an energy gap and the lowest band is quite flat. Since the lowest band has a non-zero Chern number C b = 1, it simulates the first Landau level in free space. By analogy to the quantum Hall effect in high magnetic field, the hardcore bosons are likely to form a ν = 1/2 bosonic quantum Hall state when there is half a boson per unit cell. The boson filling number is f = 1/6 per site which corresponds to the spin polarization
In other words, the polarized spin state S z i = 1/3 is likely to be a chiral spin liquid 51 -a topologically ordered state. 
B. Fermionic constructions for the bosonic wavefunctions
To study the topologically ordered chiral spin state, we will employ the fermionic approach to construct trial bosonic wavefunctions . The many-body bosonic wavefunction can be represented as follows
Here the sum is over all possible boson configura-
|0 and Φ(x 1 , · · · , x N b ) is the symmetric wavefunction. In this paper, we are only concerned with translationally invariant ground states.
The many-body bosonic wave function for a product state (PS) has the form
where φ l (x i + a j ) = φ l (x i ) to maintain translational invariance. l = 1, 2, 3 denotes sites within the unit cell and the vector a j , j = 1, 2, is a Bravais vector for the kagome lattice. So the many-body wave function is labelled by three complex parameters φ 1 , φ 2 , and φ 3 corresponding to the spin orientation on the three sites in each unit cell. The mean field ground state of this type is obtained by minimizing the average energy by varying φ 1 , φ 2 , and φ 3 . This type of spin ordered states without topological order is the main competing state for the ground state of our model. To construct the bosonic ground state with topological order, we split the the hardcore boson into two species of fermions
where α i and β i are fermion operators which satisfy the constraint on every site: n iα = n iβ = n ib . The configuration becomes
and the symmetric wave function factorizes as follows
where Ψ α ({x i }) and Ψ β ({x i }) are the antisymmetric fermionic wavefunctions for α i and β i . Using this fractionalization we construct two ansatz wavefunctions: the bosonic quantum Hall state (QHS) and the spin Hall state (SHS). The fermionic wavefunctions Ψ α ({x i }) and Ψ β ({x i }) can be constructed from the mean field tight binding Hamiltonian
The filling factors for the fermions α i ,β i are f = 1/6 per site, namely half per unit cell. For the QHS and SHS, we need the filling factor corresponding to one particle per unit cell which can be realized by inserting half a flux quantum (φ = π) in the original unit cell to double the unit cell:
where φ ω 1 and φ ω 2 are fluxes in the kagome unit cell, see Fig. 2 . In the presence of these fluxes, we specify a gauge for A ω ij in this tight-binding model (19) to obtain single particle wavefunctions in the bottom band: ψ ω (k i , x j ) (ω = α, β), where k is the Bloch momentum vector for the doubled unit cell. Thus the fermionic wavefunctions are the determinants of these single particle wave functions:
where ω = α, β and i, j = 1, 2, · · · , N b . For the QHS state, we set φ We now consider the effective theory for the QHS and SHS. For the QHS and SHS, fermionic excitations are gapped out. There is a gauge freedom for the fractionalization in Eq. (16)
The non-zero Chern number for each fermion species implies that the low energy effective action for the gauge fields is given by
where ... represents higher order terms. For the QHS, C α = C β = 1 so we obtain the low-energy effective theory
This describes the ν = 1/2 FQH state for bosons corresponding to the chiral spin state first introduced in Ref. 51 . We note that although the α and β fermions have the same Chern number, the sign of the coupling of each fermion to the U (1) gauge field a µ is opposite. Thus a 2π flux of a µ creates an α fermion and annihilates a β fermion. For the SHS, C α = 1, C β = −1 and we obtain the low-energy effective theory
Here the α and β fermions in the SHS have opposite Chern number and the sign of the coupling of the two fermions to the U (1) gauge field a µ is also opposite. Thus a 2π flux of a µ creates an α fermion and a β fermion which corresponds to a b boson, i.e. it describes a spin flip. So the magnetic field of the U (1) gauge field a µ corresponds to the spin S z density. Since spin S z is conserved, the U (1) instanton is forbidden. Thus the 2+1D U (1) gauge theory above is not confined and the U (1) gauge field a µ remains gapless. As this gapless U (1) gauge field corresponds to the spin S z density, the gapless spin density fluctuations imply that e iθS z spin rotation is spontaneously broken. Thus the SHS is a spin XY ordered state.
C. Numerical results
For the three different states (PS, QHS and SHS), we can evaluate the expected energies for the bosonic model (10):
where we define the local energy e L ({x i }) = Φ|H|{xi} Φ|{xi} . We evaluate the energy in (26) by appropriately averaging the local energy e L ({x i }) over a set of configurations |{x i } distributed according to the square of the wave function | {x i }|Φ | 2 , generated with a standard variational Monte Carlo method.
Then we use a minimization function to optimize the expectation values on an 8 × 8 lattice. In Fig. 4 , we plot the energy per site of the three states for D = 0.025, D = 0.1 and D = π/8. For D = 0.025, the PS and SHS have energies close to each other. The QHS has a better energy. As the spin-orbit coupling is increased, the SHS becomes worse in energy. Both the PS and QHS gain in energy and the PS gains much more. When D = π/8, the PS gives results close to the QHS. With small spinorbit coupling (D = 0.025 and D = 0.1), the bottom band of the hopping Hamiltonian in (10) is flat and has a smooth curvature over the Brillouin zone. The classic PS cannot gain much energy through condensation of the lowest states. When D increases, the bottom band becomes more convex and the PS will gain a lot of energy through condensation.
Our numerical results indicate that the topologically ordered QHS (the chiral spin state) is a serious candidate for a kagome spin system with spin-orbit coupling and spin polarization. This may be a realistic route for the discovery of new topologically ordered states in quantum spin systems.
D. Practical realization
Here we explore the possibility of obtaining a polarized state (S z i = 0) experimentally. This can be achieved by applying a magnetic field, which adds a term H h = −B i n i to the Hamiltonian (10). However, the exchange energy J ∼ 100meV is usually very large, so experimentally accessible magnetic fields cannot polarize the spin to S z = 1/3. Hence we should find other ways of obtaining a large effective magnetic field.
One way is to place the kagome lattice on a ferromagnetic substrate, see A third way is to insert ferromagnetic atoms in the kagome system. If these ferromagnetic atoms form a ferromagnetic state, the exchange interaction can also induce spin polarization on the kagome lattice.
IV. SUMMARY
In this paper, we study quantum spin systems on the kagome lattice with spin-orbit coupling and and spin polarization. We argue that such a system can be in a topologically ordered chiral spin state, a FQH state for bosonic spin degrees of freedom. The energy scale of the bosonic FQH state is of the same order as the spin-orbit coupling and ferromagnetism -overall much higher than the energy scale of FQH states in semiconductors. This result suggests exploration of topologically ordered states in quantum spin systems with a proper combination of geometric frustration, spin-orbital coupling and ferromagnetism.
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